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The distribution of quantum correlations in multipartite systems play a significant role in several
aspects of the quantum information theory. While it is well known that these quantum correlations
can not be freely distributed, the way that it is shared in multipartite system is an open problem even
for small set of qubits. Based on new monogamy-like relations between entanglement and discord for
n-partite systems, we show how these correlations are distributed in general, determining distinct
equalities and inequalities to the quantum discord and the entanglement of formation for arbitrary
multipartite pure states.
I. INTRODUCTION
Entanglement of formation (EF) [1–3] and quantum
discord (QD) [4, 5] are acknowledged measures of quan-
tum correlation for bipartite systems. They were derived
from very distinct concepts, however. The entanglement
of formation was first introduced by Bennett et al. [1] and
the goal was to quantify the cost of building entangled
states by local operations and classical communication
(LOCC). On the other hand, QD was first introduced by
Olivier and Zurek [4] with the aim of measuring the non-
classicality of bipartite quantum states. It determines the
amount of locally inaccessible information and is given by
the difference between two classically equivalent forms of
the mutual information [4].
Despite their conceptual differences it is known that,
as entanglement, QD can not be freely shared [5]. In-
deed, the way that quantum correlations is distributed
forbids it to be maximally correlated with two parts si-
multaneously since a monogamous relation arises. The
first to explore this aspect was Coffman, Kundu and
Wootters [6], obtaining, about seventeen years ago, the
famous inequality for the monogamy of squared concur-
rence. There, a simple expression concerning how entan-
glement is distributed among a system composed of three
qubits was deduced, which raised an exciting and wide
research field.
The monogamy of entanglement has fundamental im-
plications in several fields of quantum physics. For exam-
ple, the lack of monogamy is considered a huge obstacle
to the implementation of quantum cryptography, where
unconditional security relies on the fact that the spy does
not have the skills to correlate with the trusted parts
[7, 8]. On the other hand, the lack of monogamy also pro-
vides information that may help to understand the mys-
terious behaviour of black holes [9], which appears when
attempting to combine quantum mechanics with general
relativity. Moreover, the monogamy of quantum correla-
tion was essential for proving that asymptotic cloning is
equivalent to state estimation [10] and making quantum
key distribution secure [11].
In this way, to elucidate the way that quantum corre-
lation is distributed in multipartite systems is certainly
important for information processing and communica-
tion technologies in multi-user scenarios. Nevertheless,
in spite of the enormous effort of the scientific community
to understand how quantum correlation is distributed in
general multi-partite systems, that remains an impor-
tant open problem even in the case of small number of
parts and space dimensions. It is exactly at this direction
that we develop our work, presenting new monogamy-like
equalities for quantum discord and entanglement of for-
mation in arbitrary multi-partite systems. As we show,
extending the conservative relation between EF and QD
[12] for multipartite systems, a general rule for the way
how quantum discord is distributed emerges. Also, the
way that EF and QD are distributed is shown to be
deeply related in general multipartite states. As EF is a
way to quantify the quantum communication needed to
build a bipartite state and QD is a way to quantify the
amount of information inaccessible by local operations,
our results relate these two concepts in a new form. In-
deed, in a multipartite system, the amount of quantum
communication needed in each bipartition sums up equal
to the sum of information trapped in nonlocal correla-
tions as measured by quantum discord.
The paper is organized as follows. In section II we re-
view some concepts and results necessary for this work.
In section III we show two monogamy-like inequalities
for fourpartite systems and two monogamy-like equali-
ties for five-partite systems. In section IV, we extend
the results to multipartite systems, presenting not only
a new monogamy-like law between EF and QD, but also
a general equality elucidating how QD is distributed in
multipartite systems. We conclude our work in section
V.
II. REVIEW AND BACKGROUND
First of all, we need to define the concepts of entangle-
ment and discord we are going to use. Nowadays, there
exist many different measures of entanglement [2] as well
as different measures of quantum correlation [5]. In this
work, we use the EF as the measure of entanglement,
first defined by Bennett et al. in Ref. [1] and the original
QD first defined by Olivier and Zurek in Ref. [4]. Indeed,
both definitions are crucial for our work, since our main
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2results come from the Koashi and Winter relation [13], a
notorious equation that connects EF and QD.
First, we introduce the EF which is defined in the
paradigm of local operations with classical communi-
cation (LOCC). In this paradigm, two spatially sepa-
rated observers, usually called Alice and Bob, share many
copies of a standard quantum state. They can manip-
ulate their parts locally with arbitrary quantum oper-
ations and measurements and communicate classically
with each other. In this context, we consider the prob-
lem of Alice and Bob having to build a particular mixed
quantum state ρab from the standard resource state, a
maximally entangled state of two qubits,
|Φ〉 = 1√
2
(|00〉+ |11〉).
The first attempt to quantify this task arises with the
entanglement of formation [1]. For any pure state |ψab〉,
it is easily evaluated through the von Neumann entropy
of one of its parts [14, 15],
Eab(|ψab〉) = S(ρa),
where ρa is the reduced state of subsystem a. For a mixed
state ρab, EF is defined as
Eab(ρab) = minE
{∑
i
piEab(|ϕi〉)
}
,
where the minimization runs over all possible ensembles
such that ρab =
∑
i pi |ϕi〉 〈ϕi|. The EF can be easily cal-
culated for two qubits states through Wootters’s formula
[16], however this calculation is very difficult for higher
dimensional system [17]. Another way to think about
the entangled is remembering that each standard state
needs one bit of quantum communication to be formed.
Therefore, EF is also a measure of the amount of quan-
tum communication between Alice and Bob needed to
build the state ρab [2, 3, 18, 19]. This interpretation will
be useful in the following.
Second, we turn our attention to discord which aims
to quantify the amount of information that is not ac-
cessible in (or is destroyed by) a measurement. Let us
consider again a bipartite system with an arbitrary state
ρac shared between two observers, Alice and Carol. The
amount of uncertainty about subsystem a is given by the
von Neumann entropy of this subsystem S(ρa). If Carol
makes a measurement on her subsystem c and obtain a
result Πi from a complete set of POVM {Πi}, the state
of subsystem a changes to the state ρia with a new uncer-
tainty given by S(ρia). So the difference between S(ρa)
and S(ρia) is the amount of information learned by Carol
about the subsystem a. On average, Carol learns
S(ρa)−
∑
i
piS(ρ
i
a),
where pi is the probability of Carol find the result Πi in
her measurement from a complete set {Πi}. Of course,
there are many possible sets of POVM Carol can choose
and she can always take the best one. So the maximum
amount of information she can obtain is called classical
correlation and is given by [4, 20]
J←a|c(ρac) = max{Πi}
[
S(ρa)−
∑
i
piS(ρ
i
a)
]
, (1)
where the maximization runs over all possible POVM
on Carol’s subsystem. We remark that J←a|c is in gen-
eral asymmetric being different from J←c|a. The classical
correlation measure (1) usually does not capture all the
correlations contained in the quantum state ρac. The to-
tal amount of correlation is measured by the quantum
mutual information [15]
I(ρac) = S(ρa) + S(ρc)− S(ρac),
which is always bigger than Ja|c(ρac). In this context,
the difference is the amount of inaccessible information
which is measured by the quantum discord [4]
δ←a|c(ρac) = I(ρac)− J←a|c(ρac).
In addition, the amount of correlations δ←a|c(ρac) is the
amount that is destroyed when the measurement {Πi}
is made in the Carol’s subsystem. When the discord
vanishes, no correlations is destroyed by the measurement
and the state does not change. In this case, the state is
considered classical [4], since it is a fundamental aspect
of quantum mechanics to perturb the physical systems in
a measurement.
The entanglement of formation and the classical corre-
lation are directly connected in a pure tri-partite system
by the Koashi-Winter (KW) relation [13],
Eab + J
←
a|c = Sa, (2)
which express a kind of monogamy between these dis-
tinct measures (from now on, for brevity and clarity,
we omit the quantum state between parenthesis, i.e.
Eab ≡ Eab(ρab), J←a|c ≡ J←a|c(ρac), etc.). It means that
the amount of quantum correlations given by the EF be-
tween Alice and Bob, plus classical correlation between
Alice and Carol, is equal to the uncertainty about the
Alice’s system. Also, Eq. (2) can easily be rewritten to
relate entanglement and discord as [12]
Eab = δ
←
a|c + Sa|c, (3)
where Sa|c is the quantum conditional entropy of the part
a given c, Sa|c = S(ρac) − S(ρc). From cyclic permuta-
tions of Eq. (3) one can obtain [12]
Eab + Eac = δ
←
a|b + δ
←
a|c. (4)
Therefore, the amount of entanglement a central particle
a shares with the other two is equal to the amount of
discord it also shares with the same two particles. For
3this reason, it is called a conservation law between en-
tanglement and discord. The entanglement and discord
in a particular bipartition can be different, nonetheless
the amount of quantum correlation distributed through
the entire system is the same measured either by entan-
glement or discord.
Moreover, one can also write another type of conser-
vation law between entanglement and discord involving
a kind of cycle over the parts of the system [21]
Eab + Ebc + Eca = δ
←
b|a + δ
←
c|b + δ
←
a|c. (5)
The cycle appears in the measurements involving the def-
inition of discord. We have a measurement in part a re-
ferring to b, then one in b to c following by one in c to a
closing the cycle. Although Eq. (5) is already known, we
are going to look at it with a new point of view, which is
particularly more interesting for the generalizations got-
ten in this work. The right side is the sum of EFs, so it is
the sum of quantum communications need to simulated
the correlation present in each of one of bipartitions. The
left side is the sum of discords in each bipartition, so the
left side is the sum of in inaccessible information of each
bipartition. Therefore, the sum of quantum communi-
cation needed in each bipartition is equal to the sum of
information that is trapped in non-local correlations.
Moreover, Eq. (5) can be written in the opposite direc-
tion, since it is not different from a permutation of the
parts. Therefore, as the entanglements are symmetric
quantities, we can write a conservation law for discords
only [21]
δ←a|b + δ
←
b|c + δ
←
c|a = δ
←
b|a + δ
←
c|b + δ
←
a|c. (6)
Eq. (6) shows that the sum of locally inaccessible infor-
mation is the same in the two possible directions of the
cycle. The Eqs. (5) and (6) are generalized to multipar-
tite systems in section IV.
III. ENTANGLEMENT AND DISCORD IN
FOUR AND FIVE-PARTITE SYSTEMS
Given this brief overview, we are now in position to
discuss the generalization of our previous results [12, 21].
We start with four-partite system, however straight for-
ward generalization gives inequalities instead of equali-
ties found in three-partite systems, Eqs. (4), (5) and (6).
These inequalities relates entanglement, discord and the
strong subadditivity inequality which is interesting also,
but they do not result in new conservation laws. Never-
theless, generalization to five-partite systems do result in
equalities and new conservation laws. These results shed
light on how to generalized conservations laws for arbi-
trary dimensions. As we discuss in the following, some
difficult arises because there is a difference between even
and odd number of parts. The generalizations are dis-
cussed in section IV.
A. Four-partite systems
1. Inequalities with a central particle
From three-partite systems to four-partite, one could
expect to find equalities between sums of EF and QD.
Nevertheless, what we found are inequalities which are
closed related to the strong subadditivity of von Neu-
mann entropy. The difficulty arises in dividing properly
the parts of the system, since there is more ways to do
it in four than in three partite systems. A first attempt,
from Eq. (3), is to write the following equations,
Ea|bc = δ←a|d + Sa|d,
Ea|cd = δ←a|b + Sa|b. (7)
Combining Eqs. (7), we get
Ea|bc + Ea|cd = δ←a|d + δ
←
a|b + Sa|d + Sa|b. (8)
The sum of conditional entropies can be rewritten as a
strong subadditivity inequality,
Sa|d + Sa|b = Sab − Sb + Sbc − Sabc ≥ 0.
Therefore, the sum of conditional entropies does not can-
cel. Nevertheless, we get the following inequality for the
distribution of entanglement and discord in four partite
systems
Ea|bc + Ea|cd ≥ δ←a|d + δ←a|b. (9)
Moreover, instead of Eq. (7), we can write the funda-
mental relations in the following form
Eab = δ
←
a|cd + Sa|cd,
Ead = δ
←
a|bc + Sa|bc.
Therefore, with a similar reasoning, we obtain the com-
plementary inequality
Eab + Ead ≤ δ←a|bc + δ←a|cd. (10)
In Eqs. (9) and (10), we notice that particle a is present
in all quantities being the central one of the relation. We
also notice the change in particle c. In Eq. (9), it is in
the entanglements while, in Eq. (10), it is in the discords.
That is, part c is always in the greater side of inequal-
ity which is, in fact, reasonable, once that tracing out
a quantum system always decreases entanglement and,
most of times, also discord.
In addition, it is possible to obtain inequalities involv-
ing all possible entanglements with the part a. This can
be done starting from the following fundamental relations
Ea|bc = δa|d + Sa|d,
Ea|bd = δa|c + Sa|c,
Ea|cd = δa|b + Sa|b. (11)
4Combining Eqs. (11), we obtain
Ea|bc + Ea|cd + Ea|db
= δ←a|b + δ
←
a|c + δ
←
a|d + Sa|b + Sa|c + Sa|d. (12)
The sum of conditional entropies is always positive, since
it is a combination of three strong subadditivity inequal-
ities [15]. Therefore we have
Ea|bc + Ea|cd + Ea|db ≥ δ←a|b + δ←a|c + δ←a|d. (13)
With a similar reasoning to the Eq. (10), we also have
the complementary inequality
Eab + Eac + Ead ≤ δ←a|bc + δ←a|cd + δ←a|cd. (14)
These results show how distinct inequalities between
EF and QD emerge when treating one of the particles as
a central one, similarly to Eq. (4). In the following, we
treat similar aspects, but now cycling the parts in discord
side, similarly to Eq. (5).
2. Cycling inequalities
All the relations (9, 10, 13, 14) involves a central parti-
cle that is present in all quantities (particle a). So These
inequalities are related to the generalization of the Eq.
(4). Here we derive another type of inequalities which
involve cycling the parts in discord side and is related
to the generalization of the Eq. (5). This forms a cycle
of inaccessible local information as is discussed in Ref.
[21], but now with four parts. First we consider the cycle
a → b, b → c, c → d and d → a of local inaccessible
information or discords, writing down the following fun-
damental equations (3),
Eb|cd = δ←b|a + Sb|a,
Ec|da = δ←c|b + Sc|b,
Ed|ab = δ←d|c + Sd|c,
Ea|bc = δ←a|d + Sa|d. (15)
Combining Eqs. (15), we get
Ea|bc + Eb|cd + Ec|da + Ed|ab
= δ←a|d + δ
←
d|c + δ
←
c|b + δ
←
b|a + Sa|d + Sb|a + Sc|b + Sd|c.
The sum of conditionals entropies is always positive, due
to the strong subadditivity inequality. This can be seen
after some manipulation of the entropies,
Sa|d + Sb|a + Sc|b + Sd|c
= (Sab+Sbc−Sb−Sabd)+(Sbc+Scd−Sbcd−Sc) ≥ 0.
Therefore, we are left with the following relation between
entanglements and discords,
Ea|bc+Eb|cd+Ec|da+Ed|ab ≥ δ←a|d+δ←d|c+δ←c|b+δ←b|a. (16)
We can also construct a cycle of LII using a different
setup of parts. Let the cycle ab→ c, cb→ d, cd→ a and
da → b. This allows us to write the following relations
between entanglements and discords from Eq. (3),
Ecd = δ
←
c|ab + Sc|ab,
Eda = δ
←
d|bc + Sd|bc,
Eab = δ
←
a|cd + Sa|cd,
Ebc = δ
←
b|ad + Sb|ad. (17)
With a similar manipulation, the sum of conditional en-
tropies in Eqs. (17) can be shown to be always positive
due to the strong subadditivity inequality. Therefore, we
are left with the following inequality between entangle-
ments and discords for pure four-partite systems
Eab+Ebc+Ecd+Eda ≤ δ←a|cd+ δ←b|da+ δ←c|ab+ δ←d|bc. (18)
Eqs. (17) and (18) above finalize our results considering
fourpartite systems and cycling relations.
B. Five-partite systems
For pure five-partite systems, we return to find equal-
ities instead of inequalities in a very similarly to what
happens in the three-partite case,
1. Equalities with a central particle
From conservation law Eq. (4) we can write the follow-
ing three equalities for five partite systems
Ea|bc + Ea|de = δ←a|bc + δ
←
a|de,
Ea|bd + Ea|ce = δ←a|bd + δ
←
a|ce,
Ea|be + Ea|cd = δ←a|be + δ
←
a|cd. (19)
So, we can write down the equality
Ea|bc + Ea|de + Ea|bd + Ea|ce + Ea|be + Ea|cd
= δ←a|de + δ
←
a|bc + δ
←
a|ce + δ
←
a|bd + δ
←
a|cd + δ
←
a|be (20)
In Eq. (20) one can check that we have all combinations
of entanglements and discords of the particle a with all
other possible combinations of two particles. Therefore,
similarly what happens in three-partite case, Eq. (4), the
sum of entanglements a central particle, a, shares with
all the others possible combinations of two particles is
equal to the sum of all discords between the same bipar-
titions, establishing a monogamy-like conservation law of
quantum correlations.
Despite this fact, it is also evident that Eq. (20) is a
weaker statement than the three Eqs. (19). In this way,
although it is possible to derive generalizations like Eq.
(20), they follow from straight forward combinations of
the three partite conservation law Eq. (4) with the appro-
priate combination of subsystems, Eqs. (19). Neverthe-
less, as we show bellow, nontrivial results emerges when
considering cycling equalities in five-partite systems.
52. A cycling equality
More interesting are the equality that arises when we
generalize Eq. (5) for five-partite systems, since they are
not direct application of the similar conservation law
from system of small number of parts, but really new
conservation laws. From the fundamental Eq. (3), we
can write the following equations,
Ea|bc = δ←a|ed + Saed − Sed, (21)
Ec|de = δ←c|ba + Scba − Sba, (22)
Ee|ab = δ←e|dc + Sedc − Sdc. (23)
Eb|cd = δ←b|ae + Sbae − Sae, (24)
Ed|ea = δ←d|cb + Sdcd − Scb, (25)
Notice that the entropy Sde from the first equation can-
cels with Scba from the second one; the entropy Sba from
the second equation cancels with Secd from third one and
so on. When we sum all of the equations, the cycle closes
and all the entropies cancel out. The result is the follow-
ing equality
Ea|bc + Eb|cd + Ec|de + Ed|ea + Ee|ab
= δ←a|de + δ
←
b|ea + δ
←
c|ab + δ
←
d|bc + δ
←
e|cd. (26)
Eq. (26) contains a cycle of LII information in the right
side similarly what happens in the three-partite case Eq.
(5). As we show in section IV, these results gives the
direction for a generalization to the multipartite case.
IV. GENERALIZED CONSERVATION LAWS
FOR MULTIPARTITE SYSTEMS
Now, with the particular results presented in the sec-
tion III, we extend our results for multipartite systems.
A. Generalized cycling conservation laws
The idea behind the deduction of Eq. (26) is the key idea for generalizing it to multipartite systems. Let us consider
a system composed by N parts, where N is odd, and let n = (N−1)/2. So we can write down the following equations
E1|2,3,...,n+1 = δ←1|N,N−1,...,n+2 + S1,N,N−1,...,n+2 − SN,N−1,...,n+2,
En+1|n+2,n+3,...,N = δ←n+1|n,n−1,...,1 + Sn+1,n,...,1 − Sn,n−1,...,1,
EN |1,2,...,n = δ←N |N−1,N−2,...,n+1 + SN,N−1,...,n+1 − SN−1,N−2,...,n+1,
En|n+1,n+2,...,N−1 = δ←n|n−1,n−2,...,N + Sn,n−1,...,N − Sn−1,n−2,...,1,N ,
EN−1|N,1,...,n−1 = δ←N−1|N−2,N−3,...,n + SN−1,N−2,...,n − SN−2,N−3,...,n,
... =
...
En+2|n+3,n+4,...,1 = δ←n+2|n+1,n,...,2 + Sn+2,n+1,n,...,2 − Sn+1,n,...,2,
(27)
In the Eqs. (27), the next equations is always based on n subsystems at right from the previous one. We can check
that, when the equations are summed up, the second entropy cancels with the first one from next equation until the
cycle is closed. The result is the following conservation law
E1|2,3,...,n+1 +E2|3,4,...,n+2 + · · ·+EN |1,2,...,n = δ←1|N,N−1,...,n+2 + δ←2|1,N,N−1,...,n+3 + · · ·+ δ←N |N−1,N−2,...,n+1. (28)
Eq. (28) is the generalization of Eq. (5). It shows how the amount of quantum communication needed in each
bipartition sums up equal to the sum of information trapped in nonlocal correlations as measured by quantum
discord. In this way, in order of obtaining an equality for these two quantities, Eq. (28) shows that we must organize
the sum of entanglements forming a cycle including all the bipartition in one direction and the sum of discords in the
opposite direction, when the number of subsystems is odd.
At first sight, it appears that the idea behind derivation of the conservation law (28) only works for systems with
an odd number of parts, since only in these cases the entropies have the right numbers of parts to cancel each other.
Nevertheless, it is still possible to make them cancel each other varying the number of subsystems. Let us come
back to the four-partite case, for instance. Then we write down the following sequence of Equations, alternating the
number of parts in entanglements and discords,
Ea|bc = δ←a|d + Sad − Sd,
Ec|d = δ←c|ba + Scba − Sba,
Ed|ab = δ←d|c + Sdc − Sc,
Eb|c = δ←b|ad + Sbad − Sad,
6One can check that again the second entropy cancels with the first entropy of the next equations, and the cycle closes
at the last one. Summing up these equations results
Ea|bc + Ec|d + Ed|ab + Eb|c = δ←a|d + δ
←
c|ba + δ
←
d|c + δ
←
b|ad. (29)
This equation is a conservation law for entanglement and discord for four-partite systems where the number of parts
changes. Therefore we see that it is possible to derive conservation laws for multipartite systems composed of an even
number of parts, but the number of parts in the bipartitions must vary accordingly to Eq. (29).
Nonetheless, the Eq. (29) does not show the full general rule for deriving a general conservation law for even number
of parts. This appears when we write down the equations for a six-partite system,
E1|23 = δ←1|654 + S1654 − S654, E4|56 = δ←4|321 + S4321 − S321,
E3|456 = δ←3|21 + S321 − S21, E6|123 = δ←6|54 + S654 − S54,
E6|12 = δ←6|543 + S6543 − S543, E3|45 = δ←3|216 + S3216 − S216,
E2|345 = δ←2|16 + S216 − S16, E5|612 = δ←5|43 + S543 − S43,
E5|61 = δ←5|432 + S5432 − S432, E2|34 = δ←2|165 + S2165 − S165,
E1|234 = δ←1|65 + S165 − S65, E4|561 = δ←4|32 + S432 − S32. (30)
Similarly with happens in the previous cases, when all the Eqs. (30) are summed up, the negative entropies cancel
with the positive one from the next equation. The cycle closes when the negative entropy from the last equation
cancels with the positive one from the first. The number of parts in the bigger bipartitions alternates between n and
n− 1. The result is the following conservation law:
E1|23 + E1|234 + E2|34 + E2|345 + E3|45 + E3|456 + E4|56 + E4|561 + E5|61 + E5|612 + E6|12 + E6|123
= δ←1|654 + δ
←
1|65 + δ
←
2|165 + δ
←
2|16 + δ
←
3|216 + δ
←
3|21 + δ
←
4|321 + δ
←
4|32 + δ
←
5|432 + δ
←
5|43 + δ
←
6|543 + δ
←
6|543 (31)
From Eqs. (30) and Eq. (31) it is easy to state the general conservation law for multipartite systems with an even
number of parts, N ,
E1|23...n + E1|23...,n+1 + E2|34...n+1 + E2|34...n+2 + · · ·+ EN |12...n−1 + EN |12...n
= δ←1|N−1,N−2,...,n+1 + δ
←
1|N−1,N−2,...,n + δ
←
2|1,N−1,N−2,...,n+2 + δ
←
2|1,N−1,N−2,...,n+1
+ · · ·+ δ←N |N−1,N−2,...,n + δ←N |N−1,N−2,...,n−1 (32)
where n = N/2. The Eq. (28) and Eq. (32) are the natural generalization of Eq. (5) for an even number of parts.
The organization of the sum of terms in Eq. (32) is more involving than in Eq. (28), however the same interpretation
applies. On the left side we have a sum of entanglements which represent the amount of quantum communication
needed to form the correlation in each bipartition while, in the right side, the discords represent the amount of
information that is not accessible locally. These two equations show, for general multipartite pure states, how EF and
QD are distributed in a simpler and intuitive expression, associating the amount of quantum communication needed
to form the correlations in bipartitions with the amount of correlations which is inaccessible by local operations.
B. Generalized Conservation Law for Discord
In this section, we now focus on how QD is distributed,
extending Eq. (6) for multipartite systems. Here a closed
expression, based purely on QD, is deduced demonstrat-
ing the way that quantum correlations is distributed for
general pure states. To determine a closed form to the
discord distribution in multipartite systems, we begin
considering a four-partite system. Firstly, we note that,
by means of the KW relation, we can write
δ←b|a = Eb|cd − Sb|a,
δ←c|b = Ec|da − Sc|b,
δ←d|c = Ed|ab − Sd|c,
δ←a|d = Ea|bc − Sa|d, (33)
since that combining the Eqs. (33), we get
Ea|bc + Eb|cd + Ec|da + Ed|ab
= δ←a|d + δ
←
d|c + δ
←
c|b + δ
←
b|a + Sa|d + Sb|a + Sc|b + Sd|c.
(34)
7The interesting aspect about the set of equations given
by Eq. (33) is that it is possible to organize them, with
Eq. (17), to obtain an equality between entanglement and
discord even for 4-partite systems. Indeed, subtracting
one to the other we see that
(Ea|bc+Eab) + (Eb|cd+Ebc)
+ (Ec|da+Ecd) + (Ed|ab+Eda)
= (δ←a|cd+δ
←
a|d) + (δ
←
b|ad+δ
←
b|a)
+ (δ←c|ab+δ
←
c|b) + (δ
←
d|bc+δ
←
d|c). (35)
Eq. (35) is a conservative equation between EF and QD
for 4-partite systems and it shows two curious aspects:
firstly, we note that bipartitions of different sizes must be
considered, since that three and two parts terms appears
in Eq. (35). Secondly, we note that, contrary to the con-
servative relation for a tripartite or 5-partite pure state,
there is no symmetry between left and right sides of the
equation above. It is certainly a strange aspect which
induce us to search for another conservative relation, a
symmetric one.
For this purpose, we consider a different set of equa-
tions. Again we focus on the entanglement between two
parts, but contrarily to the set of equations given in Eq.
(17), we write the KW relation for Eba, Ecb, Edc, and
Ead. It is clear, since entanglement is a symmetric en-
tity, that these amounts of entanglement are equivalent
to that given in Eq. (17), but with this we can derive a
different set of equations:
Eba = δ
←
b|cd + Sb|cd,
Ecb = δ
←
c|ad + Sc|ad,
Edc = δ
←
d|ab + Sd|ab,
Ead = δ
←
a|bc + Sa|bc. (36)
Again, combining the set of Eqs. (36) above with that
given in Eqs. (33), we derive another conservative rela-
tion:
(Ea|bc+Eab) + (Eb|cd+Ebc)
+ (Ec|da+Ecd) + (Ed|ab+Eda)
= (δ←a|bc+δ
←
b|a) + (δ
←
b|cd+δ
←
c|b)
+ (δ←c|da+δ
←
d|c) + (δ
←
d|ab+δ
←
a|d) (37)
Contrarily to the conservative equation given by Eq.
(35), Eq. (37) above is symmetric and, surprisingly, when
combined we obtain a rule for the distribution of QD for
a 4-partite system:
δ←a|bc + δ
←
b|cd + δ
←
c|ad + δ
←
d|ab
= δ←a|cd + δ
←
b|ad + δ
←
c|ab + δ
←
d|bc. (38)
This equation elucidates an interesting property about
the way that quantum correlations is shared in a four-
partite systems. It shows that the total inaccessible in-
formation, about individual parts, after bipartite cyclical
measurements (i.e. δ←a|bc+δ
←
b|cd+δ
←
c|ad+δ
←
d|ab), is equivalent
to the total inaccessible information after counter-cyclic
measurements. Also, it is important to note that Eq. (38)
could be directly obtained rearranging the set of equation
given in Eq. (17) and Eq. (36), but we choose this man-
ner, since the conservative equation between EOF and
QD is also deduced.
Now, continuing our endeavor to generalize the result
above for multipartite systems, we explore the 5-partite
systems. As usual, we begin with three set of equations:
Ea|bcd = δ←a|e + Sa|e,
Eb|cde = δ←b|a + Sb|a,
Ec|dea = δ←c|b + Sc|b,
Ed|eab = δ←d|c + Sd|c,
Ee|abc = δ←e|d + Se|d, (39)
Eab = δ
←
a|cde + Sa|cde,
Ebc = δ
←
b|ade + Sb|ade,
Ecd = δ
←
c|abe + Sc|abe,
Ede = δ
←
d|abc + Sd|abc,
Eea = δ
←
e|bcd + Se|bcd, (40)
and
Eba = δ
←
b|cde + Sb|cde,
Ecb = δ
←
c|ade + Sc|ade,
Edc = δ
←
d|abe + Sd|abe,
Eed = δ
←
e|abc + Se|abc,
Eae = δ
←
a|bcd + Sa|bcd. (41)
Combining the set of equations given by Eqs. (39) with
the set of equations given by Eqs. (41), we directly obtain
the conservative relation:
(Ea|bcd + Eae) + (Eb|cde + Eba) + (Ec|dea + Ecb)
+ (Ed|eab + Edc) + (Ee|abc + Eed)
= (δ←a|bcd + δ
←
a|e) + (δ
←
b|cde + δ
←
b|a) + (δ
←
c|dea + δ
←
c|b)
+ (δ←d|eab + δ
←
d|c) + (δ
←
e|abc + δ
←
e|d). (42)
Also, combining the set of equation given by Eqs. (40)
and Eqs. (41) we obtain the conservation law for discord
for 5-partite systems:
δ←a|cde + δ
←
b|ade + δ
←
c|abe + δ
←
d|abc + δ
←
e|bcd
= δ←a|bcd + δ
←
b|cde + δ
←
c|ade + δ
←
d|abe + δ
←
e|abc. (43)
With the results presented in Eq. (38) and Eq. (43)
it is straightforward to deduce one of our main results,
a law to the QD distribution in arbitrary multi-partite
pure states. For an arbitrary N-partite system, we can
write
δ←1|L1 + δ
←
2|L2 + · · ·+ δ←N |LN
= δ←1|R1 + δ
←
2|R2 + · · ·+ δ←N |RN (44)
8FIG. 1. (Color Online) (a) the inaccessible information of
part 1, given an observation on the rest, with exception of
that immediately on its left, i.e. part n. (b) the inaccessi-
ble information on part 1, but now given an observation on
the rest, with exception of that immediately on its right, i.e.
part 2. The monogamous equality is reached doing the same
procedure for all n parts.
where the notation Li means all the (N −2) parts on left
of the part i, that is {i− 1, i− 2, . . . , 1, N − 1, . . . , i+ 2}.
For instance, L2, means all the subsystems {1, N,N −
1, . . . , 3}. Similarly, Ri means the N − 2 parts on right
of the part i. We note that, given a system with N -
parts, the sum of inaccessible information of each i-th
part, given an observation on the rest, with exception of
that immediately on right of i, is equal to the sum of
inaccessible information of each i-th part, given an ob-
servation on the rest, with exception of that immediately
on left of i. An intuitive illustrative scheme, is showed
in Figure 1, where we show the idea exposed above for
one part. There, on inset (a) we show the inaccessible
information on part 1, given an observation on the rest,
with exception of that immediately on its left, i.e. part
n. On inset (b) we show again the inaccessible infor-
mation on part 1, but now given an observation on the
rest, with exception of that immediately on its right, i.e.
part 2. The monogamous equality is reached doing the
same procedure for all n parts. These results generalizes
the conservation law for QD considering multipartite sys-
tems.
C. Conservation law with a measurement in one
part
As a final result, we present another simple monogamy-
like conservation law that can be derived generalizing the
of four-partite systems. Consider the four equations:
Ebc|a = δ←bc|d + Sbc|d,
Ecd|b = δ←cd|a + Scd|a,
Eda|c = δ←da|b + Sda|b,
Eab|d = δ←ab|c + Sab|c, (45)
where the measurement in the discord is made only in one
part. Summing up Eqs. (45), the conditional entropies
cancel and we get
Ebc|a + Ecd|b + Eda|c + Eab|d =
δ←bc|d + δ
←
cd|a + δ
←
da|b + δ
←
ab|c. (46)
Therefore, Eq. (46) is a conservation law with the prop-
erty that all measurements in the discords are made only
in one subsystem.
The Eq. (46) can be easily generalized for an arbitrary
number of parts. For that, let us consider a system of N
parts and label them with number from 1 to N , instead
of letters. We can write the following set of equations:
E2:N−1|1 = δ2:N−1|N + S2:N−1|N ,
E3:N |2 = δ3:N |1 + S3:N |1,
E4:1|3 = δ4:1|2 + S4:1|2, (47)
... =
... +
...
E1:N−2|N = δ1:N−2|N−1 + S1:N−2|N−1,
where the notation X : Y means all the subsystems be-
tween numbers X and Y when X < Y . When X > Y , it
meas all subsystems from Y to N and 1 to X. Summing
up Eqs. (47), all the entropies cancel out and the result
is the following conservation law between entanglement
and discord:
E2:N−1|1 + E3:N |2 + E4:1|3 + · · ·+ E1:N−2|N
= δ2:N−1|N + δ3:N |1 + δ4:1|2 + · · ·+ δ1:N−2|N−1. (48)
This generalized conservation law shows a relation be-
tween EF and QD when just one part is measured, as
we can note by the right side of Eq. (48). Although
the bipartitions in Eq. (48) overlaps, it also shows when
the sum of quantum communications needed to form the
correlations in the respective bipartitions are equal to the
sum of locally inaccessible information.
V. CONCLUSION
The way quantum correlations are distributed in a
multipartite quantum systems is an aspect of great in-
terest. It is well known that the distribution of corre-
lations can not be made freely and understanding how
this mechanism works has implications in the study of
the monogamy of quantum correlations as well as in the
understanding of protocols and other fundamental as-
pects of quantum information. Here we present a set
of monogamy-like conservative laws that govern how the
EF and the QD are distributed in multipartite systems.
These equalities links the constrains in the distributed en-
tanglement with the distributed discord and vice-versa,
showing that the monogamous properties of these two
measures is deeply connected.
We initially focus on four and five-partite systems and
after we extend our results to multipartite systems. We
9show not only a general form of how the EF and the QD
are distributed, but also a closed expression that rules
how QD is distributed in multipartite systems. These
results elucidate important aspects in the distribution
of quantum correlation in systems of many parts and
may, in the near future, bring several implications and
understandings to the quantum information theory.
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